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In this note, the matrix trace inequality for positive semideﬁnite matrices A
and B,
trABm ≤ trA2mtrB2m1/2
is established, where m is an integer. The above inequality improves the result given
by Yang (J. Math. Anal. Appl. 250 (2000), 372–374).  2001 Academic Press
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1. INTRODUCTION
Recently, Yang [1] proved two matrix trace inequalities for positive
semideﬁnite matrices A ∈ Cn×n and B ∈ Cn×n,
0 ≤ trAB2n ≤ trA2trA2n−1trB2n
0 ≤ trAB2n+1 ≤ trAtrBtrA2ntrB2n
for n = 1 2   .
The purpose of this note is improve the above inequalities; our main
results are the following inequalities:
Theorem 1. Let A ∈ Cn×n and B ∈ Cn×n be positive semideﬁnite matri-
ces; then we have
trABm ≤ trA2mtrB2m1/2
where m is an integer.
2. LEMMAS
Let A ∈ Cn×n with eigenvalues λ1A λ2A     λnA and singular
values σ1A σ2A     σnA, respectively. They are arranged in such a
way that λ1A ≥ λ2A ≥ · · · ≥ λnA and σ1A ≥ σ2A ≥ · · · ≥
σnA.
Lemma 1 [2]. If AB ∈ Cn×n, then
k∏
i=1
σiAB ≤
k∏
i=1
σiAσiB 1 ≤ k < n (1)
if k = n, then equality holds in (1).
Lemma 2 [2]. If A ∈ Cn×n, then
k∏
i=1
λiA ≤
k∏
i=1
σiA 1 ≤ k < n (2)
if k = n, then equality holds in (2).
Lemma 3 [3]. Let x1 x2     xn and y1 y2     yn be real numbers. If
x1 ≥ x2 ≥ · · · ≥ xn y1 ≥ y2 ≥ · · · ≥ yn
and
k∑
i=1
xi ≤
k∑
i=1
yi for k = 1 2     n
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then for every convex and increasing function f ,
k∑
i=1
f xi ≤
k∑
i=1
f yi for k = 1 2     n
Lemma 4 [3]. Let aiji = 1     n j = 1    m be nonnegative real
numbers and let α1     αm be positive numbers such that 1/α1 + · · · +
1/αm = 1. Then
n∑
i=1
ai1 · · · aim ≤
( n∑
i=1
a
α1
i1
)1/α1
· · ·
( n∑
i=1
a
αm
im
)1/αm

3. MAIN RESULTS
Making use of the induction assumption, the following generalization of
Lemma 1 is easy to prove.
Theorem 2. If A1A2    Am ∈ Cn×n, then
k∏
i=1
σi
( m∏
j=1
Aj
)
≤
k∏
i=1
m∏
j=1
σiAj 1 ≤ k ≤ n
From Theorem 2 and Lemma 2, we have
Corollary 1. If A1A2    Am ∈ Cn×n are positive semideﬁnite matri-
ces, then
k∏
i=1
∣∣∣∣λi
( m∏
j=1
Aj
)∣∣∣∣ ≤
k∏
i=1
m∏
j=1
σiAj 1 ≤ k ≤ n
Theorem 3. If A1A2    Am ∈ Cn×n, then
k∑
i=1
σi
( m∏
j=1
Aj
)
≤
k∑
i=1
m∏
j=1
σiAj 1 ≤ k ≤ n
Proof. For any k  1 ≤ k ≤ n, without loss of generality, we can suppose
that
σr
( m∏
j=1
Aj
)
> 0 σr+1
( m∏
j=1
Aj
)
= 0 1 ≤ r ≤ k
From Theorem 2, we have
m∏
j=1
σrAj > 0
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Let
yi = ln
m∏
j=1
σiAj xi = lnσi
( m∏
j=1
Aj
)
 1 ≤ i ≤ r
Thus,
x1 ≥ x2 ≥ · · · ≥ xn y1 ≥ y2 ≥ · · · ≥ yn
and
l∑
i=1
xi ≤
l∑
i=1
yi 1 ≤ l ≤ r
By Lemma 3 for f = ex
r∑
i=1
σi
( m∏
j=1
Aj
)
≤
r∑
i=1
m∏
j=1
σiAj 1 ≤ r ≤ k
Therefore, from the supposition we obtain
k∑
i=1
σi
( m∏
j=1
Aj
)
≤
k∑
i=1
m∏
j=1
σiAj 1 ≤ k ≤ n
Proof of Theorem 1. From the inequality
trABm =
n∑
i=1
λiABm ≤
n∑
i=1
λiABm ≤
n∑
i=1
σiABm (3)
and Theorem 3 we have
trABm ≤
n∑
i=1
σmi Aσmi B (4)
On the other hand, from Lemma 4 and positive semideﬁnity of A and B,
we have
n∑
i=1
σmi Aσmi B ≤
{( n∑
i=1
σ2mi A
)( n∑
i=1
σ2mi B
)}1/2
 (5)
Note that
σ2mi A = λmi A2 σ2mi B = λmi B2 i = 1 2     n (6)
Combining inequalities (3)–(5) and Eq. (6), we have
trABm ≤ trA2mtrB2m1/2 for m = 1 2    
This completes the proof of Theorem 1.
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Using inequality trAB ≤ trA trB for positive semideﬁnite matrices
of the same order A and B as well as Theorem 1, it is easy to verify the
following corollary, which is the main result in [1].
Corollary 1. If A ∈ Cn×n and B ∈ Cn×n, then
0 ≤ trAB2n ≤ trA2trA2n−1trB2n
0 ≤ trAB2n+1 ≤ trAtrBtrA2ntrB2n
for n = 1 2   .
Remark. It is easy to show that Theorem 1 in the paper proper
improves the result in [1] by a simple example.
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